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22.1 Householder Lanczos
, Householder Lanczos .
, , .
, , Householder ,
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2.2 Lanczos
$n\cross n$ $A$ . 1 $q_{1}$ , $Aq_{1}$
, $q_{1}$ , $q_{2}$ . ,
$Aq_{1}=t_{11q1}+t21q_{2}$ , $(q_{1}, q_{2})=0$ , $||q_{2}||=1$ .
, $Aq_{2}$ , $q_{1},$ $q_{2}$ , $q_{3}$
. ,
$Aq_{2}=t12q_{1}+t22q2+t\mathrm{s}2q_{3}$ , . $(q_{1}, q\mathrm{s})=(q_{2}, q_{3})=0$ , $||q_{3}||=1$ .




$(q_{1}, q_{k})=\cdots=(q_{k-}1, q_{k})=0$ , $||q_{k}||=1(k=2, . .., n)$ .
, $q_{n}$ ,
$Aq_{n}=t_{1n}q_{1}+\cdots+tn-1,nq_{n-}1+\theta nnq_{n}$ .
2 , $t_{k,k-1}=0$ , $q_{k}$ ,




1 $Q=(q_{1}, \ldots, q_{n}),$ $T=(t_{ij})$ .
1. $Q$ .
2. $Q^{-1}AQ=T$ . , .
$q_{k}$ , $AQ=QT$ $T$ $i>j+1$ $t_{ij}=0$ , ,
(Hessenberg ) .
, $Q^{-1}={}^{t}Q$ , $T={}^{t}QAQ$ $T$ . I
2.3
1 , $T$ , .
1. $q_{1}(||q_{1}||=1)$ . $Aq_{1}=\alpha_{1}q_{1}+\beta_{1}q_{2}$ ,
$\alpha_{1}$ $=$ $(q_{1}, Aq_{1})$ ,
$\beta_{1}$ $=$ $||Aq_{1}-\alpha_{1}q1||$ ,
$q_{2}$ $=$ $(Aq_{1}-\alpha_{1}q1)/\beta_{1}$ .
2. - , $Aq_{k}=\beta k-1qk-1+\alpha_{k}q_{k}+\beta kqk+1$ ,
$\alpha_{k}$ $=$ $(q_{k}, Aq_{k})$ ,
$\beta_{k}$ $=$ $||Aq_{k}-\beta_{k-1}qk-1-\alpha kqk||$ ,
$qk+1$ $=$ $(Aq_{k}-\beta_{k}-1q_{k-}1-\alpha kqk)/\beta_{k}$ .
134
, $\beta_{k}=0$ , $q_{k}$ ,
$(q_{1}, q_{k})=\cdots=(q_{k-1}, q_{k})=0$ , $||q_{k}||=1$
. , $T$ .
, , $-1$ , $\beta_{k}$ .
, . ( $q_{k-1}$ $q_{k}$ $q_{k+1}$
) , , , $(q_{i}, q_{k})=0(1\leq i\leq k-1)$




$P^{-1}AP$ , , .
$\bullet$ .




, . , $P\in GL_{n}(\mathbb{Q})$ ,
( , [3]). ,
. ,
, , (Sturm) .







. , $\beta_{k}=\gamma_{k}=0$ $k$ , $T$
, $\beta_{k}=\gamma_{k}=0$ $k$ . , $\det(tI-\tau)$
$k$ $f_{k}(t)$ , .
$f_{k}(t)=(t-\alpha_{k})fk-1(t)-\beta_{k}-1\gamma k-1fk-2(t)$
, $f\mathrm{o}(t)=1,$ $f1(t)=t-\alpha_{1}\text{ },$ $.\text{ }$ $f_{k}(t)$ .
2 $T$ \beta k $\gamma_{k}$ , $\{f_{k}(t)\}$ ,
Sturm .
1. $f_{0}(t)$ .
2. $f_{k}(t)=0$ $f_{k+1}(t)fk-1(t)<0$ .
1 , 2 . $\beta_{k}$ $\gamma_{k}$ , $f_{k}(t)=0$
, ,
$f_{k+1}(t)fk-1(t)=-\beta k\gamma_{k}fk-12(t)\leq 0$ .
$f_{k-1}(t)=0$ , $(t)=0$ . 1
$T$ , 2 , .
3(Sturm ) $\alpha$ . $f_{0}(\alpha),$ $f1(\alpha),$ $\ldots,$ $f_{n}(\alpha)$
$N_{n}(\alpha)$ , $\alpha$ $T$ , $N_{n}(\alpha)$ .
, [5], [2] .
3.2
Lanczos , 1 .
, . $A$ $n\cross n$ .
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$v_{1}(\neq 0)$ , $Av_{1}$ , $v_{1}$ , $v_{2}$ .
,
$Av_{1}=\iota_{11}^{J}v1+v_{2}$ , $(v_{1}, v_{2})=0$ .
, $Av_{2}$ , $v_{1},$ $v_{2}$ , $v_{3}$
. ,
$Av_{2}=t_{12}’v_{1}+t_{22}’v2+v_{3}$ , $(v_{1}, v_{3})=(v_{2}, v_{3})=0$ .








4 $V=(v_{1}, \ldots, v_{n}),$ $T’=(t_{ij}’)$ .
1. $V$ .
2. $V^{-1}AV=\tau$’ .
3. $A,$ $v_{1}$ , $v_{k},$ $T’$ .
4. ${}^{t}VV$ , ( $i$ , $(v_{i}, v_{i})>0$ .




$\alpha_{k}’=\alpha_{k}$ , $\beta_{k}’=\beta_{k}^{2}>0$ .
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1 .
2 . $AV=VT’$ $T’$ Hessenberg . ${}^{t}VAV={}^{t}VVT’$
, ${}^{t}VVT’={}^{t}T’{}^{t}VV$ , ${}^{t}VV$ 2 .
3, 4 , . 1
4 , $\beta_{k}’$ , Lanczos
.
3.3
4 , $T’$ , .
1. $v_{1}\neq 0$ . $Av_{1}=\alpha_{1}’v_{1}+v_{2}$ ,
$\alpha_{1}’$ $=$ $(v_{1}, Av_{1})/(v_{1}, v_{1})$ ,
$v_{2}$ $=$ $Av_{1}-\alpha_{11}’v$ .
2. - , $Av_{k}=\beta’k-11v_{k-}+\alpha_{k}’v_{k}+v_{k+1}$ ,
$\alpha_{k}’$ $=$ $(v_{k}, Av_{k})/(v_{k}, v_{k})$ ,
$\beta_{k-1}’$ $=$ $(v_{k-1}, Av_{k})/(v_{k-1,k-1}v)$ ,
$v_{k+1}$ $=$ $Av_{k}-\beta_{k}’-1-\alpha_{k}’v_{k-1}vk$ .
, $=0$ , ,
$(v_{1}, v_{k})=\cdots=(v_{k-1}, v_{k})=0$ , $||v_{k}||\neq 0$
. , $T’$ .
3.4
, . $A,$ $v_{1},$ $q_{1}$ .
$A=$ $v_{1}=q_{1}=$ .
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, $T’$ , Lanczos $T$ , .
$T’$ $=$
$0$ $0$ 1 12771$\overline{10207}$
$T$ $=$ ( $\sqrt{83}002$ $. \frac{2\sqrt{14}\frac{\sqrt{83}2735}{20483}}{83,0}$ $\frac{\frac{2^{\sqrt{20414}}0}{-101983165}}{\frac{537^{\sqrt{83}}847181}{10207}}$ $\frac{537^{\sqrt{83}}00}{\frac{1012771207}{10207}}$ ).
4 , $T’$ $T$
.
4
Lanczos , , .
, ,
, modular $P$ .
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